DESCENT VIA ISOGENY ON ELLIPTIC CURVES WITH LARGE RATIONAL
TORSION SUBGROUPS

E.V. FLYNN AND C. GRATTONI

ABSTRACT. We outline implementations in PARI of various algorithms related to descent via isogeny on
elliptic curves. We describe, in this context, variations of standard inequalities which assist in the com-
putation of members of the Tate-Shafarevich group. We apply these techniques to several examples: in
one case we use descent via 9-isogeny to determine the rank of an elliptic curve; in another case we find
nontrivial members of the 9-part of the Tate-Shafarevich group, and in a further case, nontrivial members
of the 13-part of the Tate-Shafarevich group.

1. INTRODUCTION

Recall that an elliptic curve defined over a field K is a smooth projective curve of genus 1 with at least
one rational point. In projective coordinates, we will take this point to be [0, 1, 0], and we will describe £ by

the following homogeneous equation:
EY?Z+a XY Z+a3YZ% = X3+ a2 X?Z + as X 7% + a6 23,

where a; € K. However, as a matter of convention, we will almost always refer to £ by the affine chart such

that £ is described by an equation of the form
E vy +arzy + asy = 2 + asx® + asx + ag,

where a; € K and O is an added point at infinity corresponding to the rational projective point [0, 1, 0].
For general background on elliptic curves see, for example, [20],[29]. For the sake of convenience, we adopt
Silverman’s notation [29] of often referring to £(K) as simply £. In this way, it is necessary to interpret the

»

expression “for some P € £” as “for some P € £(K).” Finally, while we will address this theorem in more
detail in later sections, we recall the Mordell-Weil theorem, which states that for any elliptic curve £ defined
over a number field K, £(K) = Eos(K) x Z", where r € ZT. We call r the rank of £(K).

Finding this number r will be the fundamental question that this article will address. The canonical
method for attempting to solve this problem is by doing a complete 2-descent: attempting to compute
E(Q)/[2]€(Q) by checking whether certain twists of £ (homogeneous spaces) have any rational points. See
Chapter X of [29] for a complete account of this method. In this article, we will use a general technique
outlined in [27] to construct an explicit method for doing a descent via isogeny on a certain class of elliptic
curves where the isogeny is not the multiplication-by-2 map. More specifically, our method of descent via
isogeny will apply when ¢ : £ — Eisa Q-rational isogeny between elliptic curves defined over QQ, where the
kernel of the isogeny is cyclically generated by a Q-rational point on £ of prime power order. In accordance

with Schaefer’s method, we will do this without having to describe any homogeneous spaces; as he points
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out, avoiding these spaces can be convenient as they can become quite difficult to describe as the degree of
our isogeny increases. Note that because of a result by Mazur (see Theorem 2 or [22], Theorem 4.1) and the
fact that we are only considering curves with a rational torsion point of prime power order, we know that our
isogeny must have degree d where d € {2,3,4,5,7,8,9}. Further, descents via 2- and 3-isogeny have been
exhaustively described in other works, so we will largely avoid these cases. Examples of performing a descent
via 2-isogeny on a hyperelliptic curve that avoids homogeneous spaces can be found in Chapter 11 of [5],
while the traditional method of descent via 2-isogeny can be found in [29], X.4.10. Descent via 3-isogeny is
described in [11],[33], and 3-descents are also discussed in [2],[13],[28]. Methods of performing a 4-descent can
be found in [18],[23]. In addition, [1] works with 5-descents, Thomas Fisher describes a method of descent
via 5- and 7-isogeny in [14],[15], and [30] discusses a method for performing an 8-descent. See also [9],[10].
Our method of descent via 9-isogeny does not seem to be addressed in other sources.

While our particular method is only feasible for curves with nontrivial rational torsion subgroups or for
curves with a torsion subgroup defined over a low degree number field, this is still a worthwhile endeavor for
several reasons. Firstly, the traditional method for computing the rank of £(Q) depends on computing its
2-Selmer group, which will only yield the rank of £(Q) when the 2-part of the Tate-Shafarevich group (often
called Sha and denoted II1(£/Q)) is trivial. While anecdotal evidence indicates that it is somewhat unlikely
that a randomly selected curve should have nontrivial elements in the 2-part of the Tate-Shafarevich group,
it is still useful to have the option of doing alternate descents on a curve should a 2-descent happen to fail.
Further, doing different descents allows one to discover more about the Tate-Shafarevich group, which has

wider applications to the theory of elliptic curves (see [6],[35]).

2. NOTATION

Now let £ be an elliptic curve defined over Q described by a Weierstrass equation
(1) E:y? +arzy + asy = 23 + asx® + asx + ag,

where each a; € Q. We denote the group of rational points on £ by £(Q). Further, we let A(E) be the
discriminant of £, and we let Ay, (€) be the discriminant of the minimal model for £. For any elliptic

curve £ and finite prime p € Z1, let &, denote the reduction of £ at p so that
&y + ayay + asy = 2° + aba” + ajx + ag,

where a; is the reduction of a; in IF,. We see that this map takes a point (xo,y0) € £(Q) to (zg,yp) € &,(Fy),
where z{, and y{, are the reductions of 2y and yo at p. Let Q(E) denote the function field of £, which can be
described by Q(z,y), where x and y satisfy the Weierstrass equation for £.

Further, let ¢ : £ — & be an isogeny of degree d defined over Q, where we usually take d to be a power of
a prime. We let £[¢] denote the Q-rational points in the kernel of ¢, and we let £(Q)[¢] denote the rational
points in the kernel of ¢. Let Q(E‘ ) be the function field of &, which we will often denote as Q(X,Y) where X
and Y satisfy the Weierstrass equation for £. We denote the dual isogeny mapping from Eto€ as gg As a

matter of taste, we choose to call & the dual curve to & , and we will denote the coefficients of the Weierstrass
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equation for £ with capital letters so that
E:y? 4+ Arwy + Azy = 2® + Aga® + Az + As,

where each A; € Q. If we need to differentiate further between £ and 3 , we will use capital X’s and Y’s

when working with the dual curve.

3. FINDING ONE-PARAMETER FAMILIES OF ELLIPTIC CURVES WITH PRESCRIBED TORSION SUBGROUPS

It is a classical result that the set of elliptic curves defined over Q which contain a rational point of order

de{4,5,6,7,8,9,10,12} lie in a one-parameter family. This is a result of the following two theorems.

Theorem 1. Any elliptic curve £/Q with at least one rational point other than O that is not of order 2 or 3
is birationally equivalent to an elliptic curve in the form, € : y*> + (1 —w)zy +vy = 23 +va? where v,w € Q.

We call this Tate normal form (see [20], 4.1).
Proof: This is a standard result, which can be found in [29], VIII, Exercise 8.13.a. (|

Theorem 2 (Mazur). Let X;i(d) be the modular curve whose rational points parametrize the family of
elliptic curves possessing a rational point of order d > 2. Then X1(d) is of genus 0 if and only if d €
{2,3,4,5,6,7,8,9,10,12}. Further, if € is an elliptic curve defined over Q and P € Ei4rs(Q), then the order
of P must be in {2,3,4,5,6,7,8,9,10,12}.

Proof: For the fact about the genus of X;(d), see [7], 2.2.4-5. For the classification of rational torsion on
elliptic curves, see [22], Theorem 4.1. |

Remark 1. We see that if we assume that & : y? + (1 — w)ay + vy = 23 + vz? is an elliptic curve with a
rational point of order d > 4 at (0,0), then we can use the group law on the curve to find the relation between
v and w induced by d(0,0) = O. If d is even it is simpler to use (d/2)(0,0) = (—d/2)(0,0), and if d is odd we
can use (d'+1)(0,0) = (—d’)(0,0), where d = 2d’+1. This relation between v and w is essentially a model for
the modular curve X;(d). Further, we see from Mazur’s theorem that when d € {4,5,6,7,8,9,10, 12} that
we may actually parametrize the equation for X (d) (since we can find rational parametrizations of genus 0
curves). This implies that the family of curves with a rational point of order d € {4,5,6,7,8,9,10, 12} lies

in a one parameter family of the form
(2) (& v + ja(O)wy + ka(t)y = 2° + ka(t)a® : t € Q, A(E]) # 0},

where jq(t) and kq(t) are as follows:
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Table 1. The following gives jq(t), ka(t) such that E? : y? + ja(t)zy + kq(t)y = 23 + kq(t)2>.

d Ja(t) ka(t)
4 1 t
5 t+1 t
6 1—¢ —t(t+1)
7 1—t—t2 t2(t+1)
—2t2 +1
8 - —t(2t+1
t+1 (2 +1)
9 t34+t2+1 2t + 2% + 2t + 1)
3+ 362 + 2t t° 4+ 3¢t +2t3
10 1— —= -
t2 +6t+4 t4 + 1283 4+ 4442 4 48t + 16
1 6t — 83 +2t2 + 2t — 1 | —12t5 + 30t5 — 34¢* + 2143 — 72 + ¢t
3 —3t24+3t—1 4 — 413 4612 — 4t + 1

4. ISOGENIES

In this section, we sketch the method from [34] for constructing isogenies between elliptic curves with
nontrivial rational torsion.
Let ¢ : &€ — & be a Q-rational isogeny of elliptic curves, defined over Q, where £ is described by a

Weierstrass equation as in (1):

£ y2—|—a1xy—|—a3y = 2% + as2® + ayx + ag.

Definition 1. We associate the following values, called the Tate values, to an elliptic curve given by a

Weierstrass equation as above:

by = a% + 4ao
by = 2a4 +ajas
bg = CL% + 4dag.

As usual, let £[¢] denote the kernel of ¢. Let P = (z,y) be a generic point in the function field of &,
Q(€) 2 Q(z,y). Note that = € Q(€) is the function that takes a point to its x-coordinate, so if P = (1,2),
z(P) = x((1,2)) = 1. Similarly, we have y(P) = y((1,2)) = 2. Then consider the following two functions:

X(p) = 2P+ Y (x<P+Q>—x<Q>)
Qes&lp]—{0O}

ve) = ums Y (urr @),

Qeg[¢]-{0}
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Lemma 1. ([34], Equation 2) Let ¢ : £ — & be as above. Then Q(é\) =~ Q(X,Y). That is, if P = (z,y),
then ¢(P) = ¢((z,y)) = (X,Y).

Proof: See [34], Equation 2, though this is fairly transparent since E[¢] is clearly the kernel of the maps X
and Y. (]

Definition 2. Let ¢ : £ — & be as above. Let £[¢], denote the points of order 2 in £[¢]. Further, let R be
a subset of E[p] — {O} — E[¢]2 such that

E[p] — {O} —E&[¢]a = RU(—R) and RN (~R) = 2.

Then we define S = RU E[¢]s.

Definition 3. For any @ € &, we define the following quantities associated with Q:

Q= (zq,yq)
96 = Sxé + 2a02¢Q + a4 — a1yQ
gg = —2yg — a1TQ — a3

. it Q € [0l
295 — a198 = 623 + bawg + by if Q & E[¢)2
ug = (g%)2 = 430:22 + ngé + 2byzg + be.

Theorem 3. (see [34]) Let ¢: & — & and S be as above. Let
5= Z sg and w = Z(uQ + z0sQ).
QeS Qes

Then € satisfies the following Weierstrass equation:

£.v? + a1 XY + a3y = X? 4+ as X% + (a4 — 55) X + (ag — bas — Tw).

Proof: See [34], where this relation between X and Y is obtained via a computation using the formal groups

of & and &. O

Remark 2. We can use Vélu’s method to find an isogeny ¢ : ¢ — ad for the elliptic curves from Table 1,
as well as the Weierstrass equation for é’;d. Further, we can compute the explicit formula for the dual isogeny,
$ by repeating Vélu’s method. Namely, we start with éA’td to find an isogeny to gj, which can be birationally
transformed to £. Note that to do this, we need to determine the kernel of the dual isogeny, g'td[a], by
factoring the d*" division polynomial of g'td. We summarize these results as follows.

Recall that we denote our original family of curves as in (2):
{12 + ja(t)azy + ka(t)y = 2° + ka(t)z? 1 t € Q, A(EY) # 0}.

Similarly, we have our associated family of dual curves, where g'td is dual to &f for d € {4,5,7,8,9} and any

t € Q such that £ is an elliptic curve, which we list in the following tables for d = 4,5,7,8,9.
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Table 2. The following gives l4(t), mq(t) such that gtd sy gy +ka(t)y = 23+ ka(t)2® + 1)z +ma(t).

d La(t)

4 —5(t* +1)

5 5t(t? — 2t — 1)

7 5t(t0 — Tt — 1443 — 1442 — Tt — 1)

—5t(17t5 + 51¢° + 59¢* + 333 + 5t2 — 3t — 1)
3+ 32 +3t+1

9 | 5t(t10 + 1% — 88 — 3317 — 725 — 108¢° — 114¢* — 813 — 37¢2 — 10t — 1)

d ma(t)

4 t(3t2 — 12t — 1)

5 t(tt — 1083 — 52 — 15t — 1)

7 t(t10 — 89 — 46t% — 1077 — 2025 — 3435 — 393t* — 258¢3 — 942 — 19t — 1)

. —275t11 — 1290¢10 — 2597¢% — 29488 — 225117 — 14755 — 913¢° — 422¢* — 1073 — 82 + ¢
5+ 5t4 + 1083 4+ 10t2 + 5t + 1

9 17 — 7416 — 6315 — 230¢14 — 641¢1% — 1639t12 — 3691t — 6707¢10 — 9425¢% — 1017418

—8456t7 — 53795 — 25595 — 865¢* — 190t3 — 24¢% — ¢

Remark 3. We have made available at [17] the PARI [24] function TorsionCurve, which takes a torsion order
d € {4,5,6,7,8,9} and a parameter ¢ € Q and returns a 5 component vector [a1, az, as, a4, ag] corresponding
to an elliptic curve in Tate normal form with a point of order d whose Weierstrass coefficients are determined
by the parameter t. For example, TorsionCurve(5,4) returns the vector [5,4,4,0,0], which describes the

elliptic curve
E:y? 4+ bay + 4y = 2° + 422

In addition, we have written a function, DualCurve, which takes a torsion order d € {4,5,6,7,8,9} and a
parameter ¢ € Q and uses Vélu’s method to return a 5 component vector [A, Ag, As, Ay, Ag] corresponding
to the dual curve to TorsionCurve(d,t). In addition, IsogenyPhi(d,t, [x,y]) uses Vélu’s method to map a
(general or explicit) point on £7/EE[¢] by ¢ to g’td. Similarly, IsogenyDual(d,t, [x,y]) takes a (general or
explicit) point on £Z /cid[a] and maps it by ¢ to &L

Example 1. Consider € : y? + 8zy + Ty = 2® + 722, which is given by TorsionCurve(5,7). Then the dual

curve is given by DualCurve(5,7), and is described by the following Weierstrass equation:

E 2 + 8wy + Ty = 2% + T2 + 1190z — 9660.
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We can quickly find the point (14,28) € £(Q), which has infinite order in £(Q). Therefore, (14,28) & £[¢].
So we can use IsogenyPhi(5,7,[14, 28]) to see that ¢((14,28)) = (349/36,6493/216). We can now apply
IsogenyDual(5, 7, [349/36, 6493/216]), which yields

[—29111531/2842596, 335859771193 /4792616856],
which precisely says that
5((349/36,6493/216)) = (—29111531 /2842596, 335859771193 /4792616856).
It can be easily verified that this point equals [5](14,28), which is compatable with the fact that bod= [5]

on £.

5. THE ¢-SELMER AND TATE-SHAFAREVICH GROUPS

In this section, we will recall some general background on the ¢-Selmer and Tate-Shafarevich groups,

which arise by taking cohomology on the exact sequence

(3) 0—E@Q)F - E@ L @ —o.
Note that all of the results in this section generalize to the case when £ is an elliptic curve defined over a

number field K and (;AS 1€ > Eisan isogeny defined over K.

Remark 4. For the sake of brevity, we adopt the notation G = Gal(Q/Q) and G, = Gal(Q,/Q,) where
p€{q:q€Z" is prime or ¢ = co}. As usual, when p = 0o, Qo :=R.

Proposition 1. ([29], X.4) Let gg: & — & be a Q-rational isogeny of elliptic curves defined over Q. Then the
following diagram is commutative where ¢ is the connecting homomorphism that arises from taking Galois

cohomology on the sequence from (3):

0———=£(Q)/4(E(Q)) G,& G, &
| i i
e HY (G HY(G

Definition 4. Let (E : €& > Ebea Q-rational isogeny of elliptic curves defined over Q. We define the
¢-Selmer group of £/Q, denoted Sel'® (£/Q), to be

@19D) (@)[g]—0

0—>H5(@p) HEQy) 0 H E@,)[9) — H E@,))6]— 0

Sel®@ (£/Q) = ker ( LG, E@)[¢]) — HH Gp,E(@,) ))
Definition 5. Similarly, we define the Tate-Shafarevich group of £/Q, denoted III(€/Q), to be
HI(E/Q):ker< £Q) —>HH £@, )).

Lemma 2. ([29], X./.2.a) Let £ be an elliptic curve defined over Q, and let QAS : € — & be a Q-rational

isogeny. Then the following is an exact sequence:

0 — £(Q)/HE(Q)) — 5el® (/Q) — II(E/Q)[d] — 0
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Proof: This is clear from the definitions of the QAS—Selmer group and the Tate-Shafarevich group (this sequence

is simply extracted from the commutative diagram in Proposition 1). |

Lemma 3. ([29], X.4.4) Let € be an elliptic curve defined over Q and let 3: E—Ebea Q-rational isogeny.

Let d = deg(¢p) = deg(¢). Then Sel® (£/Q) C Hl(Gal(@/Q),E(Q)[Q/b\];T) for the following finite set:
(4) T ={p: p|Anin(E) orp|d or p=oc}.

Theorem 4. ([28], Proposition 3.2) Let £, ¢, T, and d be as in Lemma 3. Let cg ;, be the Tamagawa number
for € at p, and let ., be the Tamagawa number for £ at p (see Definition 7). Then

o~ —

86l (€/Q) C HY(Gal@/Q),£(@)[); S)
where
(5) S=T—{p: ged(d,cep) = ged(d,cg,) =1}.

Theorem 5. ([29], X.4.2.0) Let £ be an elliptic curve defined over Q and let ¢ : & — & be a Q-rational
isogeny. Then Sell® (E,A'/@) is finite.

Remark 5. Whenever we refer to the set S, we will assume it is the above set from (5). We need not worry
about confusing the set S associated to £ and the set S’ associated to & when qAS € Eisa Q-rational

isogeny of Q-rational elliptic curves: it will always be the case that S = S’; see [8], IL.12.

6. A GENERAL METHOD FOR COMPUTING SEL(® (E/Q)

Definition 6. Let £ be an elliptic curve defined over Q, and let (;AS 1€ > Ebea Q-rational isogeny. Let S
be the finite set of places associated to € described in (5). Then we define Q(S,d) € Q*/(Q*)? to be the

following group:
(6) Q(S,d) = {k € Q*/(Q")*: ord,(k) = 0 mod d for all p & S}.

Proposition 2. ([29], X.1.1 and Ezercise 10.1) Let £ be an elliptic curve defined over Q and let ¢ : € — &
be a degree-d Q-rational isogeny such that E[¢] C E(Q) is cyclically generated by a point T € E£(Q). Then

there exists an injective homomorphism:

F:EQ)/9(EQ) — Q(S,d).

Further, for any P € £(Q) such that P # T,0, F(P) = fr(P) mod(Q*)? where fr € Q(E) is such that
div(fr)=d-T—d-O and fTqu:g% for some gr € Q(E’)

Remark 6. This implies that the qZ—Selmer group of an elliptic curve defined over Q is isomorphic to a
subgroup of Q(S,d) € Q*/(Q*)?. This fact and the commutative diagram from Proposition 1 give us
an effective method of computing Sel” (£/Q). Namely, following the construction from [27], we see that
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Proposition 2 and the diagram from Proposition 1 lead to the following commutative diagram:

£(Q)/3(E(Q)—L——>Q(5.d)

[15,

[1£@,)/3(E@,) 11F [10;/(@;)"

Note that 3, : Q(S,d) — Q;/(Q;)? is the map induced by the natural embeddding Q* — Qj, and F, is
the same map as F' with its domain extended to £(Q,)/ QZ(E (Qp)). We will address this in more depth in

Section 8.

Lemma 4. (see [27]) Let £ be an elliptic curve defined over Q and let qAS: E—=Ebea Q-rational isogeny of
degree d such that E[¢] C £(Q). Then

Sel P (E/Q) = () B, ( ( )/5(5(@p)))> C Q(S,d) C Q*/(Q")~

peES

Proof: This follows directly from the diagram in Proposition 1 and by our construction in Proposition 2. O

Remark 7. Though it is technically imprecise to do so, we will often refer to

ks ( 2 (£@)/8E@ >)))c@<s,d>c@*/<@*>d

peS

as the gg—Selmer group of & instead of a group isomorphic to Sel(‘g) (E/Q)
7. THE MaP F : £1(Q)/6(€7(Q)) — Q(S, d)

Remark 8. Let ¢: & — c‘:’\td be a rational degree-d isogeny of elliptic curves over Q where d € {4,5,7,8,9}
as in Tables 1 and 2. Then we can use the construction of F' in Proposition 2 and the IsPrincipal function in

Magma [21] applied to d-T — d - O (which computes fr such that div(fr) =d-T —d- O), to find the maps
(7) F: £1(Q)/(EHQ)) — Q(S.d) = (z,y) — F((x,y)).

We summarize these results in the following table.

Table 3. The following gives the map F(x,y) in (7).

deg(o) F
4 22—y
5 (x+ 1)y — 22
7 (t—1D)a® + (y — 222 + (y — 2ty)z + yt?

263 + 562 + (—dy + 4)t + (—3y + 1)
t+1

8 xh 4 (4t + 3)23 + 2?2 + (—6yt — dy)x + (—2yt% — 3yt — y)

9 (=12 = 2)at + (=2t — 3 — 262 + (y — 1))2® + (=5 — 25 — 3t* — 243 + (3y — 1)t? + 3y)a?

+(3yt* + 2yt + 3yt? + y)x + (ytb + 2ytd + 3yt* + 2yt® + yt?)
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Remark 9. We have made available at [17] the PARI function Fo([x,y],d,t]), which takes as input a
torsion order d € {4,5,6,7,8,9}, a parameter ¢ € Q, and rational point on the curve P € &%, and returns
F(P) € Q(S,d). For example, Fo([—7,49],5,7) returns 343, which gives us that F' : £2 — Q(S,5) is such
that F((—7,49)) = 73.

8. LocAL CONSIDERATIONS

Let £ be an elliptic curve defined over Q and let QAS 1€ > Ebea degree-d isogeny where d is a power of
a prime and £[¢] C £(Q). In this section, we will state a version of Hensel’s Lemma and demonstrate how
it can be used to compute many of the quantities we need to determine Sel(g’) (5 /Q). First, we will use the
lemma to find representatives for Q/(Qj)? that correspond with the elements of Q(S,d) under our local
map

Bp: Q(S,d) — Q/(Q)!  where p < <.
Next, we will we will discuss how to extend the map
F:E{Q)/4(E(@) — Q(S,d)
to
F,: £1(Q)/3ENQ)) — Qp/(Qp)"  where p < oo,
and how to use this map to algorithmically find generators for £4(Q,)/ a(gtd((@p)).
Finally, we will consider the case p = co and show how to do the analogous computations when we take

the localization of Q at oo, the real numbers.

We first statement a version of Hensel’s Lemma.

Lemma 5. (Hensel’s Lemma) Let K be a number field and let v € MY be a non-Archimedean valuation.
Then let K, be the completion of K with respect to the absolute value |- |,, and let O, = {zx € K,, : |z|, < 1}
be its associated ring of integers. If f(z) € Oylx] and ag € O, are such that |f ()|, < |f'(c0)|?, then there

exists a unique o € O, such that f(a) =0 and

flao
f'(ao
Proof: See [25], 2.1.5. O

~~

la — aply < ‘

~

v

Remark 10. Using this version of Hensel’s Lemma, we can describe the local quotient group Qj/(Qj)% and

the associated map 3, : Q(S,d) — Q;/(Qp)d for p # oo, as follows. Let S = {p1,p2,...,pr} be a set of

rational primes that generate a subgroup of Q;/ (Q;‘,)d where d is a power of a prime. Recall from (6) that in

our case, we denote this group Q(S,d) where S is from (5). If d is even, then —1 is not a d*" power in Q, so
@(S,d) = <_1ap13 <o PR (_1)2 =1 and p(zi = 1>

If d is odd, then —1 is a d*" power, so

Q(S,d) = (p1,...,px :p‘ii =1).
In order to compute 3,(Q(S, d)), we just need to check which of our elements from Q(S, d) become equivalent

in Q;/(Q;)d using Hensel’s Lemma. For example, if |d|, = 1 and p; and py are distinct primes in Q(S, d)
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such that p; ~pgfl is a d** power in F,, then Hensel’s Lemma implies that z¢ —py -pél*l has a solution in

Q,: that is, it is a d""-power in Q,. Hence p; -pg_l =1in Q;‘)/(Q;)d, S0 p1 = ps in Q;/(Q;)d.
We can illustrate this more concretely with a numerical example.

Example 2. Let € : y? + 13xy + 84y = 23 + 8422 be the elliptic curve obtained from Table 1 when d = 9
and t = 2. Note that 9(0,0) = O and A(€) = —1-29-3%.73.37. Hence Q(S,7) = (2,3,7,37). Now Hensel’s
Lemma can be invoked to find that 2 — 2 - 3 has a solution in Q. Thus, 2 -3 is a 9*"

2-3=1in Q%/(Q%)°. This is equivalent to saying that 2 = 3% in Q%/(Q%)?, so that (57(2) = 2 = 35.

power in Q7 so that

For additional examples, see Chapter 11 of [5], which addresses the group Qy/ (Q;)Q.

Remark 11. We have made available at [17] the PARI function ModuloPowLocalp(z,d, t, p), which takes
as input a torsion order d € {4,5,6,7,8,9}, a parameter t € Q, a prime p € S, and a rational number z € Q,
and returns 3,(z). For example, ModuloPowLocalp(17,5,7,5) returns 23, so that 3,(17) = 23.

We are now in a position to use the local map Fj, : 5#(@,,)/5(5}‘1(@;3)) — Q;/(Q;)? to find generators for
£1(Qp)/6(E(Qp)) when p < co.
Example 3. Let £ : y?> —y = 2® — 22 be an elliptic curve. Note that 5(0,0) = O and that Q(S,5) = (5, 11).
We will use Hensel’s Lemma to determine whether there exists a point (5, 1) on £(Qs5) where ay € Q5 by
letting = 5 and letting y remain an indeterminant in our Weierstrass equation:

y? —y =5 — 5% =100.
So we let f(y) = y* — y — 100, which implies that f’(y) = 2y. Now let ap = 5% + 4 - 5%, which yields
flag) = £(525) = 2%-5° - 11! and f' (o) = £/(525) = 2' - 31 .52 . 7%

Hence, |f(ao)ls = 57 and |f'(ao)|2 = 5% so that |f(ao)|s < |f/(co)|2, which allows us to invoke Hensel’s

Lemma. Namely, we know that there exists a point (5,a1) € £(Q5) for some a3 € Q5. Further, we could

continue this method of approximation to whatever precision we desire, say O(5°):
o =52 +4-534+3-5542-5544.5"+4-55+4.5% 4 0(5').
Similarly, we find that (15, as) is a point on £(Q5) where
ap=4-5244-534+4-5°+2.5° + 574 O(5').
Now recall from Table 3 that F : £(Q)/3(E(Q)) is given by F((z,y)) = (z + 1)y — 2%. By extending this to
E(Qs5), we see that
F5((5,01)) = (5+1)ag =52 =4-5"4+2-5"4+4-55+4.5° 4+ O(5'") =4 +2-52 +4-5° + 4.5 + O(5°).

Note that the latter equality follows since 5° = 1 in Q% /(Q3)?. Now we can truncate this value after the first
term and still use Hensel’s Lemma to find its image in Q%/(Q%)5 (we only need to know the behaviour of
F5((5, 1)) modulo 5?). Further, we see that —15 = 4-11% mod 52, which implies that 4-113 = 1 in Q% /(Q%)5,
which is equivalent to saying that F5((5,c1)) - 11% = 1 in our quotient group. That is, F5((5,a1)) = 112.
Similarly, F5((15,a2)) = 11. So we see that (5, 1) and (15, az) have distinct images under F5, but are not
mutually independent generators for £(Qs)/ (E(E’ (Q5)).
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Remark 12. This method gives us an algorithmic process for finding independent QQ,-points on an elliptic
curve, £ : y? + (1 — w)ay + vy = 2% + va?, with a map F : 8(@)/8(5’(@)) — Q(S,d). Further, as long
as we know how many independent points we need to find, this search algorithm becomes deterministic—
conveniently, Lemma 10 in a later section does precisely this. The following merely outlines a crude variation
of p-adic algorithms described elsewhere in the literature (see [27],[28], for example); we have not included

here any of the standard tricks for improving efficiency, such as restricting the search to homogeneous spaces.

Step 1: Use the techniques from Remark 10 to find the image of Q(5, d) under the map 3,.

Step 2: Running through choices of zq, s € Z, substitute —S into our Weierstrass equation for &:
p

3 2
Step 3: Search to see whether there exists yo € Q, satisfying the above polynomial. This search to
increasing p-adic depth will eventually show either that the above polynomial has no @, solutions, or it will
yield some yy € Q satisfying the above polynomial to sufficient p-adic accuracy that it is guaranteed to lift
to a Qp-solution by Hensel’s Lemma. If we find a yo that lifts to a solution in @Q,, continue to lift yy to an
appropriate level of p-adic precision, then go on to Step 4.
Step 4: Use the appropriate F}, map from Table 3 to find F, (;2, y0>.
Step 5: Use Hensel’s Lemma to determine to which element of 8,(Q(S,d)) is equivalent to the image of
(xg’ y0> under F,. If we did not use enough p-adic precision to determine this, go back to Step 3, lift y
topa higher level of precision and try again. Each time we find a point whose image under F}, is independent
from the list of previous independent points found, we add that point to the list.

Step 6: When the independent points found generate a group that attain our bounds in Lemma 10, terminate

the algorithm and return our list of independent local points on the curve.

Remark 13. We have made available at [17] the PARI function FpSearchp(d,t,p), which takes as input a
torsion order d € {4,5,6,7,8,9}, a parameter t € Q, a prime p € S, and performs the above algorithm for
&L at p. For example, FpSearchp(5,7,7) returns 74, which implies that F; <5$(Q)/$(§75((@))) = (7%).

Remark 14. As one might expect, finding generators for £(R)/ $(§ (R)) is a slightly different task than
finding generators for £(Q,)/ B(E (Qp)). However, it is also largely a simpler process because R*/(R*)? is

such a small group.

Lemma 6. Let ¢ : £ — E bea degree-d Q-rational isogeny of Q-rational elliptic curves where d is a power
of a prime. Further, suppose that E[¢] C £(Q). Ifd =2F, k > 1, then

#E(R)/H(E(R)) =1 or 2.
Otherwise,

#E(R)/SER)) = 1.

Proof: By combining the hypotheses of this lemma with Proposition 2, we see that there exists an injective

homomorphism

F: £(Q/6(E(Q) — Q(S,d).
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Now, if we extend this map to the completion of Q at co (that is Qo = R), we get the following map:
Fa : E(R)/G(E(R)) — R /(R")%,

Further, we know that this map is an injection into a subgroup of R*/(R*)%. When d = 2%, k > 1, then d is
even and R*/(R*)? = {1}; otherwise the prime power d is odd and R*/(R*)¢ = {1}. O

Corollary 1. Let ¢ : & — £ bea degree-d Q-rational isogeny of Q-rational elliptic curves such that E[¢] C

E(Q) where d is a power of a prime. Then we know that there exists an injective map

F: £(Q)/$(E(Q) — Q(S.d)

where S is as in (5). If d is odd, then we can take S to be S — {oo} when computing Sel® (E)Q).

Proof: From our previous lemma, we showed that if d is odd, then R*/(R*)¢ = {1} and Foo (E(R)/$(E(R))) =
{1}. This implies that 82! = Fso(E(R)/(E(R))) = Q(S, d). Therefore,
Sel@(E/Q) = (N 8, (F (5(@»/03(5(@@)))) - N &' <F (6(@»/03(&@0)))-
veS veS—{oo}

Hence, we may take S to be S — {o0}. O

Remark 15. If d is even, then we need a method of determining whether #&(R)/¢(£(R)) = 1 or 2. That
is, whether Foo (E(R)/G(E(R))) = {1} or Fx(E(R)/H(E(R))) = {#1}. Note that F extends to Fs, as follows:
{1 if F(P) >0

-1 if F(P) <0.
Hence, this problem reduces to the problem of determining whether there exists a point P € £(R) such that
F(P) = —1. Since we can always extract square roots of non-negative numbers in R, this is not a difficult
task. Let € : y? + a1y + azy = 2 + agx? + a42? + ag be an elliptic curve with k(0,0) = O for k = 27. If we

treat our Weierstrass equation as a polynomial in y, we can use the quadratic formula to get

_ —(mz+az)+ \/(alx + a3)? + 4(23 + az2? 4+ asx? + ag)
B 2

Then we have

F((z,y)=F ((m —(a1x+a3) £ \/(am + as)? + 4(a3 + agx? +a4x+a6)>> ‘

2

So we can split F' into two functions in x:

B —(a1z +a3) + \/(a1x+a3)2 + 4(23 + asz? + asx + ag)
e

and

_ _ 21 4(23 2
gpa(x)=F <<x7 (a12 +a3) — /(az + 03)2 +4(2® + aga® + ag + aﬁ))) ,
Now we just have to perform the simple task of checking the range of the functions g1 (z) and go(z) in R. If
either function has negative points in its range, then there exists a point P € £(R) such that F(P) = —1

so that Fao(E(R)/G(E(R))) = {#1}. Otherwise, we see that Fie (E(R)/G(E(R))) = {1}.
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Example 4. Let & : y? + zy — 4y = 2> — 422 be the elliptic curve from Table 1 where d = 4 and t = —4.
We notice that £ is isogenous to £ y? + 2y — 4y = x> — 422 — 60 — 380 via an isogeny of degree 4. Now
Table 3 gives us that

F: £(Q)/0(E(Q) — Q(S.)
by F((z,y)) = 2% — y. We see that we can solve for y in terms of x in our Weierstrass equation:

—(z —4) & /(z — 4)2 + 4(2® — 422)
5 .

y =
Hence, using the method above, we have

gi(z)=F ((m (:B4)+\/(x4)2+4(x34x2)>> 22— *(55*4)*\/($*4)2+4(x374x2).

2 =
We see that

(0—4) + /(0 — 4)2 +4(0% — 4(0)?)
2

q(0) = 0%——

4+ V16
2

= 4

-~

That is, Fae (E(R)/(E(R))) = {1},
9. CompuTING SELY(£/Q) FroM SELY (£/Q)
We recall the standard observation that we can compute the rank of £(Q) by finding £(Q)/[d]E(Q) for

some integer d > 1. Now recall from Lemma 2 that if £ is an elliptic curve defined over Q and ¢ : £ — £ is

a degree-d QQ-rational isogeny of elliptic curves, then the following is an exact sequence:

0 — £(Q)/A(E(Q)) — Sel @ (E/Q) — TI(E/Q)[d] — 0.

Hence, if ¢ is the multiplication-by-d map, we can attempt to compute £(Q)/[d]€(Q) by noticing that this
group injects into Sel'® (£/Q):

0 — £(Q)/[dEQ) — Sl (£/Q) — II(£/Q)[d] — 0.
However, since ¢o¢ = [d] on £, we can actually attempt to find Sel® (€/Q) from Sel'” (£/Q) and Sel(@ (£/Q).
Lemma 7. Let £ and ¢ be as above. Then the two following sequences are exact:
0~ EQIA/HE@d) — el (€/Q) — Sel)(€/Q)
— $el(€/Q) — TT1(E/Q)(3]/¢(TT1(£/Q)[d]) — 0.

and
9) 0 — EQ)[3)/6(EQId) — EQ)/(EQ)) > EQ)/[AEQ) — EQ)/HEQ)) — 0.
Proof: See [28]. O

Lemma 8. Let £ to be an elliptic curve defined over Q, for p < oco. Then we define &), ,(F,) to be the group

of nonsingular points in E,(F,) under the reduction map

R,:£(Q,) — Ezg(IFp)
P —~ P.
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We define
&(Qy) ={P € E(Qp) : P € &,,(Fp)} and  E1(Qp) ={P €E(Qy): P'=0'}.
Then the following is an exact sequence:

0 — £1(Qp) — E0(Qp) = E1,(F,) — 0.
Proof: See [29] VIL.3.2.1. O

Definition 7. Let £ and p be as above. Then we define the Tamagawa number of £ at p to be the quantity
cp = #E(Qp) /E0(Qp).

Definition 8. Let £ be an elliptic curve defined over Q that is described by a Weierstrass equation of the
form

E: y2 +aixy +azy = z3 + a2x2 + asx + ag.
Then we let

O — / dx
€= 2y +aix +as
E(R)

Definition 9. Let £ be an elliptic curve defined over Q and let ¢ : £ — Ebea Q-rational isogeny of elliptic

curves where € and & are described by Weierstrass equations as follows:
E:y? + arzy + asy = 2 + asx® + asx + ag and g:Y2+A1XY+A3Y:X3—|—A2X2+A4X+A6.

We have Laurent series expansions z, y, X, and Y in terms of local parameters, z and Z, respectively where

z=—z/yand Z = —X/Y (see [29], IV.1.1.2):

1 1
2(2) = 5 - Do m - agz - (et @a)? +0GY) and () = —Sal2)
1 A 1
X(2)= 5 - 71 — Ay — A3Z — (Ay + A1 A3) Z% + O(Z3) and Y(2)=-_X(2).

The notation O(z%) indicates higher order z-terms with coefficients in Z[ay, as, a3, as, ag], and likewise for
0(Z3).
Now let ¢((z,y)) = (X,Y) be our formula for ¢. Then we can combine all of this to write

X
Z=-% = f(z) € Qi)
We define 74 to be norm of the leading coefficient of f(z). Similarly, we can write
x
i F(Z) € Q[lZ]]
to find V3

Lemma 9. Let 5td7 é\‘td} o 5td — Etd, and (E: cSA'td — Etd be as in Tables 1 and 2. Then v4 =1 and V3= d.

Proof: This follows immediately from [34], Equation 13. |
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Lemma 10. Let € be an elliptic curve defined over Q and let ¢ : £ — £ be a degree-d Q-rational isogeny
where d is a power of a prime and E[$] C Q. Let p be a finite prime. Then

#E(Q) /B E@) = gl #E(Qy)[9] =2,

E,p

Further, when p = 0o, we can use Lemma 6 and Remark 15 to determine #E(R)/QAS(E(R))
Proof: See [26], 3.8. O

Theorem 6 (Cassels). Let ¢ : € — Ebea Q-isogeny of Q-elliptic curves. Then
#Sel?(£)Q)  #EQ)O] Qg I, ez,

= N

#8el9(E)Q)  #EQIP] Qe T, cenp

Proof: See [4]. In addition, [28] applies this theorem to a descent via isogeny. O

Remark 16. The quantities Q¢ and cg , can be easily computed using functions built into Magma [21] or
PARI [24]. A general algorithm for computing Tamagawa numbers for elliptic curves can be found in [31].

~

Finally, determining #& (Qp)[a] is a direct application of Hensel’s Lemma.

Now we see that Cassels’ ratio theorem gives us a method for trying to compute £(Q)/[d]€(Q) (and thus
£(Q)) simply by finding Sel(®) (EA/@) Namely, if we have computed Sel(®) (5/@), then we can use Theorem 6
to find #Sel® (£/Q). Now Lemma 7 gives us that

0 — E(Q)[0]/(£(Q)[d]) — Sl (£/Q) — Sel) (£/Q)
— Sel@(£/Q) — II(E/Q)[4]/o(ILL(£/Q)[d]) — 0.

Hence,

£50D(E/Q) < #5el(€/Q) - #9519 (E/Q) _ #E@6] % Tlyee,  #Se@(E/Q)
#E(Q)[¢l/o(£(Q)d] #E(Q)¢] Qe I, cen #E(Q)]/A(E(Q)(d])

In addition, as long as ]_I_I(g/@)[g’g]/gb(ﬂl(é'/@)[d]) is trivial, this will be an equality. Now from Lemma 2,

we have the following exact sequence:

0 — E(Q)/[dE(Q) — 8el(£/Q) — LI(£/Q)[d] — 0.
So this implies that
#EQIe] Q¢ T,  #8P(E/Q)
#EQ9] Qe Tl cepo #EQ0)/H(EQ)(d])
where everything becomes an equality when 111(€/Q) [(/é\] Jo(I(£/Q)[d]) and III(£/Q)[d] are trivial. So
we see that when this is the case, we can completely determine #£(Q)/[d]€(Q) (and thus £(Q)) simply by
computing Sel(‘g)(g /Q) and some other values that can be easily calculated in Magma [21] or PARI [24].

(10) #E(Q)/[dE(Q) < #Sel' D (£/Q) <

)

Application 1. While we will use Theorem 6 mainly for the purpose of finding the order of Sel(® (£/Q) from
the order of Sel(‘g) (5 /Q), it has another use that does not seem to have been previously exploited. Namely,
given two isogenous curves, £ and 3 , where the rank of £(Q) can be computed by a complete 2-descent, we
can sometimes quickly demonstrate the existence of nontrivial elements in the d-part of the Tate-Shafarevich

group, while avoiding the difficult portion of the isogeny computation, as follows.
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Let ¢ : € — & bea degree-d Q-rational isogeny of Q-rational elliptic curves, where d is a prime power.
Suppose that III(£/Q)[2] is trivial so that a complete 2-descent on & yields that the rank of £(Q) is some
r e Z*t. By also computing Eors(Q), we can immediately find #€(Q)/[dE(Q) C Sel'? (£/Q). It is similarly
an easy task to find #&(Q)[¢]/d(£(Q)[d]). Now if we use Cassels formula from Theorem 6 to compute the
ratio of the sizes of our Selmer groups, we get

#Sel@(£/Q)  #EQ)9] Qg Il,ce,

#8elD(E/Q)  #EQI9) Qe [l cep
where ¢g|d and k € Z. Without loss of generality, we may assume that k > 0 (if k¥ is negative, then relabel
5: E—Eas ¢:E— & and start over). Now since #Sel(a) (EA/Q) > 1, we see that this ratio gives us a lower

bound on the size of Sel'® (£/Q). Further, the exact sequence from Lemma 7,
0 — E(Q)[6]/#(E(@)[d]) — Sel” (£/Q) — Sel ) (£/Q) —
8el(®) (£/Q) — H1(E/Q)[3]/¢(LL(£/Q)[d]) — 0
can be used to extend this to a lower bound on the order of Sel'® (£/Q):

(d) #3el? (£/Q)
#ATER) > L oRsE@d)
#3el) (£/Q)
(#Se@(?/@)) < [¢ )
B (#s«@)uﬂ Hcgp>< )
- \#EQU] Q¢ T,cen E@ld) )

Now if it happens that our lower bound on the order of Sel(d) (£/Q) exceeds the value we computed for
#£(Q)/[d)E(Q), then we have verified that III(£/Q)[d] is nontrivial. Further, the exact sequence from

Lemma 2 allows us to put a lower bound on the order of the d-part of Sha:

#E(Q¢] Q¢ Tl ¢z 1 1
II(E/Q)d] > | =t e '
(€/Q)d] > (#S(Q)[aﬁ] Qe Hpcs.,p> <#5(Q)[¢]/¢(5(Q)[d])> (#5(@)/[d]5((@)>

We summarize this result in the following proposition, which does not seem to have been written down

elsewhere in this form in the other descent literature, and which will prove useful in our subsequent examples.

Proposition 3. Let ¢ : £ — E bea Q-rational isogeny of Q-rational elliptic curves such that deg(d) is a

prime power. Then

#EQ)[9] Qp II,ce, ( 1
IIIe d] > — : —
/M (#5((@)[ | Qe Hﬁ&p) (Q)[¢]

and

- #E(Q)F) Qe T, cen 1 1
oI d] > P — — — )
(/M) > (#8<@>[¢1 0 11, g> (#a@)[cﬁ]w(e(@)[d])) <#e<@>/[d]e<@>>
Example 5. Consider
E: P +ay+y=a®—x? — 1005630z + 571521997

and

E: v +ay+y=a®— 2% — 911138880z — 10586098442003.
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We notice that there exists a Q-rational isogeny of degree 13 such that ¢ : £ — g Using Magma [21] to

~

perform a complete 2-descent on &, we see that rank(£(Q)) = rank(£(Q)) = 0. Further, recall that elliptic

curves cannot have rational torsion points of order 13. Hence, we have that

III(€/Q)[13]

WV

(#&@)[&1 Q¢ Hpc57p> ( 1 ) < 1 )
#EQ)ol Q¢ Il,cz, ) \ #E(Q)gl/o(EQ)[13]) ) \ #E(Q)/[13]E(Q)

[ 9Qe Tl,cep
Qs Il,cz,
= 132

So we have found an elliptic curve with nontrivial 13-part of Sha. However, to find the actual size of
I1(£/Q)[13], we would need to actually compute Sel** (£/Q). As a point of interest, note that we can use
Magma [21] to see that the Birch and Swinnerton-Dyer conjecture (see [35]) predicts that #I11(€/Q) = 132,
which coincides with the lower bound that we computed for #I11(€/Q)[13].

10. A SKETCH OF THE ALGORITHM

In this section, we combine all of the above discussion to outline our specific descent process. See [27]
for the more general algorithm on which this is based. This same approach is used for descents on elliptic
curves in, for example, [12] and [28].

Input: d € {4,5,7,8,9} and t € Q corresponding to the elliptic curve £ from Table 1.

(@) , @) (g
Output: #Se;g(((g)/%)/;?;e(l@)[;ﬁ/@)’ which serves as an upper bound for #&(Q)/[d]EX(Q).

Step 1: Pick d € {4,5,7,8,9} and t € Q* such that £ = £ is an elliptic curve (see Table 1).
Step 2: Use Lemma 1 to find the isogeny ¢ : € — & such that E[¢] = ((0,0)) C £(Q). In addition, use
Table 2 to find the Weierstrass equation for E.

Step 3: Find the set of primes S of (5) where £ has bad reduction (the prime at co, and the primes p such
that p|d) minus any primes p such that ged(d, cg,p) = ged(d, cg ) = 1. If d is odd, then Corollary 1 implies
that we can let S be S — {o0}.

Step 4: Refer to Table 3 to find a suitable map F : £(Q)/$(E(Q)) — Q(S,d) as in Proposition 2. In
addition, let F), be the natural extension of F to F, : £(Q,)/$(E(Q,)) — Q;/(Qp)<.

Step 5: For each p € S, find generators for 5(@,,)/5(5(@,,)) by using the method outlined in Remark 12.
Note that we continue our search until the number of generators we find implies that #£(Q,)/ 3(5’ (Qp))

coincides with Lemma 10:

#E(Q)/E(Q)) = Il #E(Qy) 18] =2

Ep
Step 6: Compute Sel®) (EA’/Q) by finding
N (B(e@dEe)).
peS
Step 7: Use Theorem 6 to compute the size of Sel'® (£/Q):
#Sel?(£/Q)  #EQ)] Q¢ I, ¢z,
#Sel(E/Q)  #EQD] Qe [,cen
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Step 8: Use the inequality in (10),

£(0)/IdE(Q) < £S5l (£/Q) < #Sel(“f(ﬁ/@)-#se@(f/@)
R s e #E(Q)[¢]/o(E(Q)[d])

to find an upper bound for the order of Sel”(£/Q). Recall that as long as

I1(E/Q)[¢l/¢(ILL(£/Q)[d]) and ITL(£/Q)[d]

are both trivial, then our upper bound is actually an equality. Now we can try to find the rank of £(Q) by
finding enough independent points on £(Q) to imply that, indeed,

~

#Sel® (£/Q) - #5el?)(£/Q)
E dlE = — hd .
#QMEQR) = o B/sE @

So in this step, we initiate a search on £(Q) to try to find these independent points. Note that we need a

criterion for determining whether two rational points on an elliptic curve are independent from one another
in £(Q). While we can use our F-map to determine this in £(Q)/3(E(Q)), this is not sufficient for £(Q)
or £(Q)/[d)€(Q). Luckily, this is not considered to be a difficult problem. See [36] for a PARI function
that does precisely this by using height pairing matrices. Once we have found enough points to verify that
the above bound is an equality, we terminate the algorithm and return the rank of £(Q). Of course, if we

encounter nontrivial Sha, then this step will never terminate.

Remark 17. We have made available at [17] the PARI function SelmerBound(d,t), which implements
the above algorithm for £. For example, SelmerBound(5,4) returns 5, which implies that the rank of

EY vy + by + 4y = 2® + 422 is 0 and £7(Q) =2 Z/5Z.
11. AN EXAMPLE OF A DESCENT VIA 9-ISOGENY ON A CURVE OF RANK 1
Let d =9 and t = 2 in the algorithm from Section 10. Then our curves & and g'fd are:
E:y? + 13zy + 84y = 23 + 8422 and £y + 132y + 84y = 2° + 8422 — 154410 — 41506050.
Further, S = {2,3,7,37}. From Table 3, we have that

F:EQ/6E@) — Q(S,9)
(z,y) + —6x* + (y —49)2® + (15y — 196)z? + TTyx + 196y.

Now a few simple calculations can be combined with Lemma 10 to yield the following:

~ ~ -~

|| gl | #EQ@)P | cen | ez, | #E(Q)/HEQy))

2 1 1 9 1 9
3 9 1 9 1 81
7 1 3 3 3 3

37 1 9 1 9 1
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Using the techniques from Section 8, we have the following information about our local quotient groups,

Q;/(Qp)*:

p || Generators for Q;/(Qp)° | By(2) | Bp(3) | Bp(7) | Bp(37)
2 (2) 2 1 1 1
3 (2,3) 2 3 27 26
7 (2,7:23=1) 2 22 7 2
37 (2,37) 28 25 37

We notice that, since Q3/(Q3)? = (2) and #£(Q )/$(A(Q2 =9, it must be the case that

62_1<F2( (Q, )) (2,3,7,37).
Similarly, since #Q%/(Q3)° = #(2,3) = 81 and #&(Q3 /(E
85 Fa(£@a)/8(E @)

(éA‘ Q3)) = 81, we have that
> (2,3,7,37).

In addition, since #5(Q37)/$(§(Q37)) =1, we see that

Bi7 <F37 (5(Q37)/$(§(@37)))> = ker(f3r)
= {2F2.3ks . 7M. 0 < k; < 8 and ky + 8ks 4 5k = 0 mod 9}
= (2'.3%,35.7h).
Now all we have left to do is consider the case when p = 7.

We start by mapping our torsion points:

Pe&Qlel | F(P) | F(P)
(0,0) 25.38.76 | 23.76
2(0,0) L.37.73 | 26.78
3(0,0) 26 . 36 1
4(0,0) 92.35.76 | 23.73
5(0,0) 97.3%.78 | 26.76
6(0,0) 23 . 33 1
7(0,0) 98.32.76 | 23.73
8(0,0) 24.31.73 | 26.76
o 1 1

Hence, we see that

~

fo ( ( (Q7)/$(8(Q7)))) = (23 73){2k2 .3k 1 0 < k; < 8 and ko + 2k; = 0 mod 3}

= (21.312%.73,3%.73),
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When we take our intersection, we get
Sel @ (£/Q) = (2! - 31,23 - 73,33 . 7%) (2" -3%,8° - 71) = (2" - 31,2 . 7°) = 2/9Z x Z/3L.
Using our formula from Theorem 6, we see that this implies #Se1(¢) (£/Q) = 3. Now recall the following

exact sequence from Lemma 7:

0 — E£(Q)[6)/3E@)[9]) — Sel @ (E/Q) — Sel®(£/Q) — Sel ¥ (£/Q) —

Since #Sel® (£/Q) = 3, #£(Q)[¢] = 1, and #Selw (£/Q) = 27, we see that

#Sel(9) (£/Q) < #Sel(¢) (5/ ?)%‘E[STI((b (€/Q)

)-

#€(Q

A short search for independent rational points on £(Q) yields the point (—21/4,315/8) of infinite order.
Since #Eors(Q) = 9, this gives us that #£(Q)/[9]£(Q) > 92

92 < #E(Q)/[91E(Q) < #Se1(£/Q) < 92,

which implies that the rank of £(Q) is 1 and

=92,

. Hence,

£(Q) = {((0,0),(—21/4,315/8)) = Z/9Z x Z..

12. AN ErLipTiC CURVE WITH NON-TRIVIAL 9-PART OF SHA

Let d =9 and ¢ = 1/2 in the algorithm from Section 10. Then
21 11 21 21 2 190905 49989225

£y Byt A 3 4 a &2+ n 3 4
—ry+ —y= — an — —y = —x — x — .
v gt Y= 32 Yy gyt gy = 327 7 72048 131072

We recall from Proposition 3 that

= #EQg] Qe 1, cep 1 1
HI(£/Q)[d] > L ~— — — :
/e (#a@m % T, g> (#e<@>[¢1/¢<e<@>[d1>> <#e<@>/[d1e<@>>
Now by computing all of these values with a computer algebra package such as Magma [21]
= 1-(99Q5) - 243 1 1
e > (S ) (5) (1) =2

We claim that, in fact, #H_[(g /Q)[9] = 9, as follows. The same method of descent via isogeny as above
yields that

, we see that

saPE/@ = o (F(@n/3E@) ) Nesn
= (73){2F2.3% . 17M7 . 0 < k; < 8 and ky 4 2 - k3 = 0 mod 3}.

A quick calculation gives us that #Sel(@ (£/Q) = 92. Using our formula from Theorem 6, we see that this

implies #Sel'® (£/Q) = 1. Now recall the following exact sequence from Lemma 7:
0 — E@)¢]/HE@I) — Sel® (E/Q) — Sel® (£/Q)
— Sel®)(£/Q) — TL(£/Q)[¢]/#(LI(E/Q)[9)) — 0
Since #Sel®) (£/Q) = 1, #E(Q)[9] = 1, #E(Q)[4] = 9, #5e1 D (£/Q) = 92, we sce that #Sel® (£/Q) = 0.

Hence, we have that
Sel®) (€/Q) = III(€/Q)[9]
and #I11(£/Q)[9] = 9, as claimed.



22 E.V. FLYNN AND C. GRATTONI

Note that based on the above calculations, we can only bound the order of the 9-Selmer group of &£:
#Sel¥(£/Q) < 92.

However, if the well-known conjecture that the order of ILI(£/K) is finite for any elliptic curve £ defined over
a number field K is someday proved, then we will be able to say a bit more about #Sel® (£/Q). Namely,
if we knew that #II1(£/Q) < oo, then this would imply that the order of III(£/Q)[d] is a perfect square
for any d > 2 (see, for example, [16], 5.5). This follows from results of Cassels and Tate, which imply that
if I1I(£/Q) is finite, then its order is a perfect square. They do this by constructing a pairing

HI(&/Q) x (£/Q) — Q/Z

with certain properties (see [3],[32]). So if we suppose that #111(£/Q) < oo for our particular £, then we
would be able to determine that either #Sel® (£/Q) = 9 and #II1(£/Q)[9] = 1 or #Sel? (£/Q) = 92 and
#I1(£/Q)[9] = 9. Note that using Magma [21], we can see that the Birch Swinnerton-Dyer conjecture [35]
predicts that #11I(£/Q) = 1 and #HI(:‘?/Q) =9, so the next logical step (which we have not been able to
complete, as the computations become unwieldy) would be to perform a complete 9-descent on £ to verify

that the order of I11(£/Q)[9] really is 1.

13. CONCLUSION

While the standard method of computing the rank of an elliptic curves and finding a set of generators for
the free part of the group is the well-described method of complete 2-descent, we have seen that our higher
descents can still be of considerable interest. First of all, when £ has a rational torsion point of order > 3
and IT1(£/Q)[2] is nontrivial, then a descent via d-isogeny can be a useful method for finding the rank of
the curve. Further, we have shown that it is possible to compare the results of a complete 2-descent to a
descent via d-isogeny to find the order of I1I(£/Q)[d], which is of particular interest when the d-part of the
Tate-Shafarevich group is nontrivial. Finally, one of the main benefits of our method for descent via isogeny
is that fact that all of our calculations are performed over Q, which makes it easier to implement, in these
cases, than a complete descent. We should also note that our restriction that d is a prime power was merely
for computational convenience, and minor modifications of the above should also deal with elliptic curves
with rational points of order d = 10,12, while still working over Q.

But while it is convenient that the method we used to perform descent via isogeny involves arithmetic
only over Q, it is not essential. One way to extend the results in this article is to apply the method to curves
that may require arithmetic over a higher degree number field. Namely, if £ admits a K-rational isogeny
of degree k where k is a prime power but £[¢] ¢ £(Q), then we can attempt a descent via isogeny using
the same general method used earlier, with the slight modification that we do all of our arithmetic over a
number field K such that £[¢] C E(K). Often, the degree of this number field will still be low enough that
the computation will be feasible. In essence, if d is a prime power, the method described in this article is for
elliptic curves parametrized by the modular curve X;(d) where X;(d) is of genus 0, but we could extend it,

for example, to elliptic curves parametrized by the modular curve Xo(d), where Xq(d) is of genus 0.
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The obvious benefit of this generalization is that we have a larger body of curves on which to perform

descents: For X (d), our method (when d is a prime power) can only be applied when d € {2,3,4,5,7,8,9},
but for Xo(d), it could be modified to accommodate d € {2,3,4,5,7,8,9,13,16,25}. Further, there exist

sporadically occurring curves with rational isogenies of prime power degree d € {11,17,19,27,37,43,67,163}

on which we could perform descents. This gives us a whole class of curves for which we can find the rank, with

a method other than a complete 2-descent, and a means of finding interesting orders of the Tate-Shafarevich

group.
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